In this paper we give necessary and sufficient conditions for the existence of periodic solutions for convex functional differential equations of neutral type with finite and infinite delay. ᮊ
INTRODUCTION
Periodic solutions of dynamical systems are of great interest both in applications and theory. In different set-ups and by many different authors, various methods were developed in order to ensure the existence of periodic solutions, see for instance the work of Arino, Burton, and Hadw x w x w x w x dock 1 , Burton and Hatvani 3 , Chow 4 , Hale and Mawhin 8 , Hino, w x w x w x Murakani, and Naito 9 , Makay 10 , and Massera 11 . w x It has been shown in 11 that if there is a bounded solution of a periodic ordinary differential equation and the solutions can be continued for all w x future times then the O.D.E. has a periodic solution. In 4 , a similar result was extended to functional differential equations with finite delay. Rew x cently, in 10 Makay generalized Chow's result to functional differential equations with infinite delay and to integral equations.
In this paper we are concerned with convex neutral functional differential equations of the form where F and G are T periodic in t. We will investigate the existence of Ž . periodic solutions of Eq. 1 , when the delay is finite or infinite. By using the Massera approach, we will derive sufficient conditions on the parame-Ž . ter of Eq. 1 that ensure the existence of periodic solutions. We will present two different methods, one for the finite delay and the other for the infinite delay. In the latter, we introduce a new phase space satisfying w x the axiomatic framework required in 7, 8 .
The paper will be organized in 4 sections. The second section deals with the finite delay problem. The third section considers the problem with infinite delay. The last section is devoted to an example.
FUNCTIONAL DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE WITH FINITE DELAY
Consider the following functional differential equation of neutral type,
where C is the space of all continuous functions from yh, 0 into R endowed with the uniform norm topology. The functions F, G : R = C ª R n are continuous and for every t G 0, the function x g C is defined by t Ž . Ž . w x x sx t q , for every g yh, 0 . The initial value problem associt Ž . ated with Eq. 2 is that given g C, find a continuous function w x n Ž . Ž . x : yh, A ª R , such that x s and t ª x t y G t, x is continu- Proof. Without loss of generality, we can assume that T ) h. Otherwise, we consider a multiple of T. Žw x n . Let S s C yT, 0 , R , and consider the set
where r is the bound for the existing bounded solution x. To show that U is non-empty, let x be the bounded solution. Then, since F and G are w . T-periodics, one can suppose that x is defined on the interval yT, qϱ . w x < Now define to be the restriction of x on yT, 0 , i.e., s x , wyT , 0x 0 0 which allows us to see that U is non-empty. Next, we can see that U is Ž . convex by using the uniqueness property and the fact that Eq. 2 is convex. For , g U, since 1 2
one has
Ž . 
That is, U is a convex set. To prove that U is a closed set, consider a Ž . sequence : U, such that ª with the supremum norm.
n ng/ n nªϱ Ž . < Ž .< Note that satisfies condition a , and if x t, 0, ) r, for some t ) 0, then by the continuous dependence on the initial data, there exists an < Ž .< n g/such that x t, 0, ) r, for n G n . This is a contradiction to the 0 n 0 fact that g U. Thus, U is a closed bounded set. n Ž .Ž . Ž . Now, let P : U ª U be the operator defined by P s s x s q T, 0, , w x w x for s g yT, 0 . Then for every s ,s g yT, 0 and g U, we have 1 2 x s q T, 0, y x s q T, 0,
Ž .
operator P is continuous. Hence by the Schauder fixed point theorem, P Ž . has a fixed point, that is, Eq. 2 has a T-periodic solution.
FUNCTIONAL DIFFERENTIAL EQUATIONS OF NEUTRAL TYPE WITH INFINITE DELAY
In the infinite delay interval, the state x at time t always contains the t initial data. As a consequence, the introduction of new phase spaces in particular applications requires a new and separate development of the ŽŽ x n . theory. In our case, we consider as a phase space C s C yϱ, 0 ; R of g Ž x 5 5 continuous bounded functions on yϱ, 0 , endowed with the norm . g defined by
Recently, some attention have been focused on the space C as a phase g Ž w x. space for functional differential equations with infinite delay see 7, 9 . In w x fact, Arino, Burton, and Haddock in 1 were the first who introduced the space C and established the existence of periodic solutions of some g integrodifferential equations using Horn's fixed point theorem. For more w x details on these topics, we refer the reader to Burton's book 2 .
Consider the functional differential equation of neutral type with infinite delay,
Ž .
where F, G : R = C ª R n are continuous T-periodic functions and for
5 5 The importance of introducing the norm . is shown in the following g proposition. and a subsequence , such that ª with the supre-
mum norm in the interval y1, 0 . Similarly, one can find g C and a
subsequence of , such that ª with the n ng/ n ng/ n n ª ϱ w x supremum norm in the interval y2, 0 . Following the same procedure, one Ž Ž n. . can find g C and a subsequence s , such that s
n Žn. , for n g /, and 6 s compactly in yϱ, 0 . 4 has a bounded solution which is defined on R.
where r is the bound of the existing bounded solution. Note that by Ž . assumption H , ⌳ is non-empty. 5 For every x g ⌳ and t g R, define 
Thus inf T t, z s 0. This implies the existence of a sequence t t g R n ng/
; R, such that
On the other hand, u t q . y¨t q . is equicontinuous and bounded.
n n Ž . Then, by the Ascoli᎐Arzela theorem, there is a subsequence t and In particular, for t g R, we have
Thus q is T-periodic. To see this, let t s k T q , where k g / and n n n n w . Ž . g 0, T . Then there exists g R and a subsequence such that 
Ž . Hence, if we let n go to infinity, then by the continuity of G t, . and F t, .
5 5 with respect to the norm . , we conclude that
Ž . Therefore, by 7 and 8 , it follows that q .y is a T-periodic solution of Ž .
.
Remark. The method used in the infinite delay case to obtain T-periodic solutions can be extended successfully to problems with finite delay, without conditions on the delay. One can obtain the following result: 
Ž. for each g C yϱ, 0 , R , where c is a constant independent of t, .
Ž .
Ž . Ž x Proof. Define g by g s s 1rM␥ s , for s g yϱ, 0 , where ␥ :
Ž . Finally, since the assumptions H and H are satisfied by Proposi- 3 4 tions 7 and 8, all that remains to be shown is the existence of a bounded Ž . solution of 9 , in order to apply Theorem 3.
Ž . PROPOSITION 9. Under assumptions H and H , suppose that there 6 7 exists ␣ ) 0 such that, for t g R,
Then, there exists a T-periodic solution of 9 .
Proof. Consider the equation 
By the continuous dependence of the solution on the initial condition one can show that S q and S y are open sets in S. Moreover by the estimates in Ž .
Ž . Ä 4 q Ä 4 15 and 16 , one has that g S : ) K ; S and g S : -yK ; S y . This implies that S q j S y does not cover all of S and therefore there exists a nontrivial g S, such that < < x t, 0, -K , for t g R.
Finally, by Theorem 3 we deduce the existence of a T-periodic solution of Ž . 9 .
